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SDSS data

Velocity - Mass  Scaling Relations

log(Stellar Mass)

Faber-Jackson (1976) 
    ~1350 citations
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Observed I-Band V LR Scaling Relations
1300 representative local disk galaxies [Courteau et al. 2007, in prep]

A Revised Model for the Formation of Disk Galaxies – p. 3/18
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Observed I-band VLR scaling relations
~1300 nearby star forming galaxies (Courteau et al. 2007)
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Figure 2. Correlation between residuals of the velocity–mass and size–
mass relations (Fig. 1) for all early-type galaxies. The solid line shows the
best-fitting linear relation which has a slope of ∂VR = −0.29. The thick
portion of this line shows the region fitted, which corresponds to the 5th and
95th percentiles of the distribution of size offsets. The long dashed line is
the virial relation with slope =−0.5. The compass shows the direction the
median errors on velocity (σ ap), size (Re) and mass (MSPS) scatters galaxies
in this plane. This shows that most of the scatter about the median relation
is due to observational errors.

Figure 3. Slopes of the correlation between the residuals of the velocity–
mass ("log σ ap) and size–mass ("log Re) relations, as a function of stellar
mass. The horizontal bar shows the width of the bin in stellar mass, while
the vertical error bar shows the uncertainty on the slope. The two solid
lines show the results obtained using the two different set of stellar velocity
dispersions, indicating systematic errors at low masses. The virial FP has
a slope of −0.5, and thus we find that the tilt of the observed FP is mass
dependent.

observed Fundamental Plane increases with increasing stellar mass.
This echoes previous studies which show there is curvature to the
Fundamental Plane (e.g. Zaritsky, Gonzalez & Zabludoff 2006,
2011; Hyde & Bernardi 2009; Tollerud et al. 2011). As an esti-
mate of systematic uncertainties we measure ∂VR using the two
sets of velocity dispersions available for SDSS galaxies. The two
measurements are shown with the solid lines in Fig. 3. They are in
good agreement above MSPS ∼ 1010 M⊙, but below this mass there
are significant differences.

As a final note, we stress that the data shown in Figs 2 and 3
are not corrected for aperture effects or measurement errors, which
both tend to weaken the observed correlations. Aperture effects are
more important when the fibre only covers a small fraction of the
galaxy light (i.e. intrinsically larger galaxies or galaxies at lower
redshifts). Measurement errors in stellar masses are most important
(especially at high masses) as these couple offsets from the size–
mass and velocity–mass relations. Rather than try to correct the data
(which in the case of aperture corrections is model dependent, and
thus non-unique), our approach is to explicitly include these effects
in our models. We will show that an observed ∂VR ∼ −0.3 can be
explained by models in which mass follows light (and thus follow
the viral Fundamental Plane between σ e, Re and Mstar).

4 C O N S T R A I N T S FRO M TH E
V E L O C I T Y– M A S S R E L AT I O N

In this section, we use the velocity–stellar mass relation to constrain
the two free parameters of our model (see Dutton et al. 2011a,
and Appendix A for more details): the stellar mass normalization
"IMF = log (Mstar/MSPS) and dark halo response ν.

4.1 Universal IMF and universal halo response

We start by constructing model samples with a universal Chabrier
IMF. We consider four halo responses: standard adiabatic contrac-
tion ν = 1 (Blumenthal et al. 1986), reduced halo contraction ν = 0.5
(cf. Abadi et al. 2010); no halo contraction ν = 0 (i.e. NFW haloes)
and halo expansion ν = −0.5. In addition, we consider a model
in which mass follows light. For each model, we compute aper-
ture velocity dispersions for 5000 model galaxies evenly spaced
in log (MSPS/M⊙) (from 9.3 to 11.9), and including log-normal
scatter in sizes, dark halo masses and dark halo concentrations. We
then re-sample these galaxies (100 times) according to the observed
intrinsic distribution of stellar masses, and add measurement errors
in stellar mass, size and velocity dispersion (see Appendix A). This
procedure results in a sample of ∼150 000 model galaxies with
the same distribution of stellar masses and sizes as our observed
sample.

The median velocity–mass relations of these models are shown
in Fig. 4. None of our models is able to reproduce the observed
VM relation, even allowing for zero-point offsets (corresponding to
different, but still universal IMFs). There are two primary solutions
to this problem: (1) allow the stellar mass to vary from that predicted
by a universal Chabrier IMF, with ‘heavier’ IMFs in more massive
(i.e. higher MSPS) galaxies or (2) allow the halo response to vary
with galaxy mass, with e.g. no halo contraction in low-mass galaxies
and stronger halo contraction in progressively higher mass galaxies.

In principle, another solution would be to allow the stellar
anisotropy to vary with galaxy mass; however, observations find
no evidence for a mass dependence to the stellar anisotropy (e.g.
Gerhard et al. 2001). Furthermore, as we show below, the maximum

 at M
PI A

stronom
y on M

arch 31, 2015
http://m

nras.oxfordjournals.org/
D

ow
nloaded from

 

independent of size

Courteau et al. 2007

Tully-Fisher (1977)

! 
lo

g 
V 

| L

! log Rd | M

slope=-0.07

Virial Relation ! log V | M = -0.5 ! log R

2500 A. A. Dutton et al.

Figure 2. Correlation between residuals of the velocity–mass and size–
mass relations (Fig. 1) for all early-type galaxies. The solid line shows the
best-fitting linear relation which has a slope of ∂VR = −0.29. The thick
portion of this line shows the region fitted, which corresponds to the 5th and
95th percentiles of the distribution of size offsets. The long dashed line is
the virial relation with slope =−0.5. The compass shows the direction the
median errors on velocity (σ ap), size (Re) and mass (MSPS) scatters galaxies
in this plane. This shows that most of the scatter about the median relation
is due to observational errors.

Figure 3. Slopes of the correlation between the residuals of the velocity–
mass ("log σ ap) and size–mass ("log Re) relations, as a function of stellar
mass. The horizontal bar shows the width of the bin in stellar mass, while
the vertical error bar shows the uncertainty on the slope. The two solid
lines show the results obtained using the two different set of stellar velocity
dispersions, indicating systematic errors at low masses. The virial FP has
a slope of −0.5, and thus we find that the tilt of the observed FP is mass
dependent.

observed Fundamental Plane increases with increasing stellar mass.
This echoes previous studies which show there is curvature to the
Fundamental Plane (e.g. Zaritsky, Gonzalez & Zabludoff 2006,
2011; Hyde & Bernardi 2009; Tollerud et al. 2011). As an esti-
mate of systematic uncertainties we measure ∂VR using the two
sets of velocity dispersions available for SDSS galaxies. The two
measurements are shown with the solid lines in Fig. 3. They are in
good agreement above MSPS ∼ 1010 M⊙, but below this mass there
are significant differences.

As a final note, we stress that the data shown in Figs 2 and 3
are not corrected for aperture effects or measurement errors, which
both tend to weaken the observed correlations. Aperture effects are
more important when the fibre only covers a small fraction of the
galaxy light (i.e. intrinsically larger galaxies or galaxies at lower
redshifts). Measurement errors in stellar masses are most important
(especially at high masses) as these couple offsets from the size–
mass and velocity–mass relations. Rather than try to correct the data
(which in the case of aperture corrections is model dependent, and
thus non-unique), our approach is to explicitly include these effects
in our models. We will show that an observed ∂VR ∼ −0.3 can be
explained by models in which mass follows light (and thus follow
the viral Fundamental Plane between σ e, Re and Mstar).

4 C O N S T R A I N T S FRO M TH E
V E L O C I T Y– M A S S R E L AT I O N

In this section, we use the velocity–stellar mass relation to constrain
the two free parameters of our model (see Dutton et al. 2011a,
and Appendix A for more details): the stellar mass normalization
"IMF = log (Mstar/MSPS) and dark halo response ν.

4.1 Universal IMF and universal halo response

We start by constructing model samples with a universal Chabrier
IMF. We consider four halo responses: standard adiabatic contrac-
tion ν = 1 (Blumenthal et al. 1986), reduced halo contraction ν = 0.5
(cf. Abadi et al. 2010); no halo contraction ν = 0 (i.e. NFW haloes)
and halo expansion ν = −0.5. In addition, we consider a model
in which mass follows light. For each model, we compute aper-
ture velocity dispersions for 5000 model galaxies evenly spaced
in log (MSPS/M⊙) (from 9.3 to 11.9), and including log-normal
scatter in sizes, dark halo masses and dark halo concentrations. We
then re-sample these galaxies (100 times) according to the observed
intrinsic distribution of stellar masses, and add measurement errors
in stellar mass, size and velocity dispersion (see Appendix A). This
procedure results in a sample of ∼150 000 model galaxies with
the same distribution of stellar masses and sizes as our observed
sample.

The median velocity–mass relations of these models are shown
in Fig. 4. None of our models is able to reproduce the observed
VM relation, even allowing for zero-point offsets (corresponding to
different, but still universal IMFs). There are two primary solutions
to this problem: (1) allow the stellar mass to vary from that predicted
by a universal Chabrier IMF, with ‘heavier’ IMFs in more massive
(i.e. higher MSPS) galaxies or (2) allow the halo response to vary
with galaxy mass, with e.g. no halo contraction in low-mass galaxies
and stronger halo contraction in progressively higher mass galaxies.

In principle, another solution would be to allow the stellar
anisotropy to vary with galaxy mass; however, observations find
no evidence for a mass dependence to the stellar anisotropy (e.g.
Gerhard et al. 2001). Furthermore, as we show below, the maximum
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a given stellar mass, assuming logM! /LI / 1:26(V " I ) from
stellar population models (Portinari et al. 2004), and that scatter
in color is uncorrelated with V and R. For the ! log V jLI "
!(V" I )jLI residuals, the observed correlation is weak but of
the same sign as expected (from the stellar population models),
in agreement with P07. This further confirms that scatter in
color is a contributing, but not dominant, source of scatter in
the VL relation. However, the ! log LI jV "!(V " I)jV resid-
uals are perfectly uncorrelated, also in agreement with P07.
This is explained if scatter in the velocity-stellar mass relation

depends on color, in the sense that redder galaxies of a given
stellar mass rotate slower. However, this strikes against theo-
retical expectations that redder galaxies of a given total luminosity
should rotate faster.
We also find that the! log RjLI "!(V " I)jLI residuals have

only a weak correlation, but of opposite sign to that expected.
This suggests that the scatter in the size-stellar mass relation de-
pends on color, with redder galaxies of a given stellar mass being
smaller. This is expected from theoretical galaxy formationmodels
(Bell et al. 2003a). Finally, the! log RjV "!(V " I)jV residuals

Fig. 12.—Correlations between the residuals of the VRL relations for the I-band sample (top) and K-band sample (bottom). The best-fitting slopes with 1 ! un-
certainty and correlation coefficients are given in the lower and upper left corner of each panel. There is only a weak correlation between V jL and RjL (left) compared to
the prediction for pure disk only model (dashed line with slope "0.5). There is a significant correlation between the LjV and RjV residuals (middle), and even tighter
correlation between V jR and LjR, which is simply the VL relation in differential form.

TABLE 4

VLR Residual Correlations

! log V jL vs. ! log RjL ! log RjV vs. ! log LjV ! log V jR vs. ! log LjR

Sample N Slope r Slope r Slope r

All ........................ 1303 "0.07 # 0.01 ("0.16) 0.71 # 0.02 (+0.53) 0.31 # 0.01 (+0.93)

MAT ..................... 545 "0.11 # 0.03 ("0.17) 0.57 # 0.04 (+0.59) 0.32 # 0.01 (+0.90)

SCII ...................... 468 "0.09 # 0.02 ("0.20) 0.84 # 0.08 (+0.53) 0.32 # 0.01 (+0.94)

Shellflow .............. 252 "0.08 # 0.03 ("0.18) 0.78 # 0.09 (+0.52) 0.32 # 0.01 (+0.93)

UMa ..................... 38 "0.06 # 0.08 ("0.14) 0.77 # 0.17 (+0.48) 0.31 # 0.02 (+0.93)

SCII K.................. 360 "0.03 # 0.02 ("0.06) 0.56 # 0.05 (+0.52) 0.28 # 0.01 (+0.88)

COURTEAU ET AL.216 Vol. 671



Correlation between offsets of VM (Δ log V) and RM (Δ log R) relations

(Tilt of the Fundamental Plane) depends on local dark matter fraction 
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Disk Galaxy Structure Model
Mo, Mao, White 1998 + improvements (Dutton et al. 2007)
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Figure 11. Histograms of the distribution of the halo spin parameters. Only
results for WMAP1 and WMAP3 are shown, results for WMAP5 are listed
in Table A2. The vertical lines show the 2.3th, 13.9th, 50th, 84.1th and
97.7th percentiles of the spin residuals. The solid red line shows a Gauss–
Hermite polynomial expansion up to fourth order (whose parameters are
listed in Table A2), the dashed red line shows the Gaussian corresponding
to the zeroth order of this expansion. The mean and the logarithmic variance
(σ ln λ) of the Gaussian fit are reported in the top left-hand corner of each
panel.

spin parameters. However, we caution against an over interpretation
of this skewness, as Bullock et al. (2001b) have demonstrated that
haloes with lower spins have larger associated uncertainties, with
the error in λ given roughly by 0.2λ−1 N−1/2. Thus a halo with 1000
particles will have an uncertainty of 63, 18 and 6 per cent for a
spin parameter of 0.01, 0.035 and 0.10. Even for haloes with 10 000
particles the error on a spin parameter of 0.01 is 20 per cent, which
will introduce a non-negligible skewness to the distribution of λ.

We find that the mean, dispersion and skewness of the distribu-
tions (see Table A2) are remarkably similar for all three cosmologies
considered here, both for the full set of haloes and for the subsample
of relaxed haloes. The relaxed haloes have a smaller mean and vari-
ance, and a larger skewness. This is due to the removal of unrelaxed
haloes which typically have higher spins than relaxed haloes (see
M07 for details).

5 H A LO SH A PES

Fig. 12 shows the relation between s (defined as the ratio between
the short and long axes) and M200. Here we only consider haloes
with at least 3000 particles, because with fewer particles we find
evidence for resolution effects. The s–M200 relation is well fitted
with a power law of slope ≃ −0.05, in all cosmologies and for all
and relaxed haloes. Fitting parameters for the shape–mass relation
and for its scatter, for all three cosmological models, are listed in
Tables A1 and A2 in Appendix A. For the WMAP3 cosmology,
the zero-point for relaxed haloes is 0.03 higher than for the full
sample of haloes. In addition, we find that the zero-point if 0.05
higher for the WMAP1 cosmology compared to that of the WMAP1
cosmology. On the other hand, the relation between p (defined as
the ratio between the short and intermediate axes) and M200 shows
a much weaker correlation, and only a marginal dependence on
cosmology (Fig. 13).

Figure 12. Short-to-long axis ratio, s, versus mass for WMAP1 (left-hand
panels) and WMAP3 (right-hand panels), and for all haloes (upper) and
relaxed haloes (lower) with N200 > 3000. WMAP5 model results (not shown)
lie in between WMAP1 and WMAP3. The points represent the median value
of s spin in each mass bin, the error bar shows the Poisson error on the
mean. The dashed and dotted lines show the 15.9th, 84.1th, 2.3th and 97.7th
percentiles of the distribution. The solid (red) line shows a power-law fit
to the s– M200 relation: s = zero + slope (log M200/12 h−1 M⊙) whose
parameters are given in the lower left-hand corner of each panel. Linear fit
parameters for the WMAP5 model are reported in Table A1.

Figs 14 and 15 show the distributions of s and p about the mean
relations shown in Figs 12 and 13. These are roughly Gaussian. The
full sample reveals a mild skewness to low s, which is most likely
due to the presence of unrelaxed haloes.

Allgood et al. (2006) presented a detailed analysis of the depen-
dence of halo shape on mass and on the underlying cosmological
model. They found that the redshift, mass and σ 8 dependence of the

Figure 13. Same of Fig. 12 but for the middle axis, p, versus mass. WMAP5
model results (not shown) lie in between WMAP1 and WMAP3. Values for
the slope and the zero of the linear fit for the WMAP5 model are reported in
Table A1.

C⃝ 2008 The Authors. Journal compilation C⃝ 2008 RAS, MNRAS 391, 1940–1954
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Figure 3. Same as Fig. 2, but for c200 as function of M200.

Fig. 4 shows the distributions of the concentration residuals,
!log c200, relative to the best-fitting power laws c200(M200), for
the WMAP1 and WMAP3 cosmologies. The full set of haloes (up-
per panels) shows a clear skewness towards low concentrations.
This was already pointed out by M07, and is even apparent in the
simulations of B01. As discussed by M07, this tail of low con-
centration parameters is due to unrelaxed haloes. Removing these
haloes results in almost Gaussian distributions in !log c200, as is

Figure 4. Histograms of residuals from the mean c200 mass relations in
Fig. 3. Only results for WMAP1 and WMAP3 are shown; results for WMAP5
are listed in Table A2. The vertical lines show the 2.3th, 13.9th, 50th, 84.1th
and 97.7th percentiles of the concentration residuals. The solid red line
shows a Gauss–Hermite polynomial expansion up to fourth order (whose
parameters are given in Table A2), the dashed red line shows the Gaussian
corresponding to the zeroth order of this expansion. The logarithmic variance
(σ ln c) of the Gaussian fit is reported in the top left-hand corner of each panel.

apparent from the lower panels in Fig. 4. Table A2 lists a number of
parameters for these distributions, including those for the WMAP5
cosmology (not shown in Fig. 4). Note that the scatter these distribu-
tions is virtually the same for all three cosmologies; hence, although
the slope and zero-point of the c–M relation is clearly cosmology
dependent, the scatter is not.

3.2 Comparison of WMAP1 results with the Millennium
Simulation

Recently, Neto et al. (2007) analysed the c–M relation of DM haloes
in the Millennium Simulation (Springel et al. 2005). They confirm
many of the results published previously in M07, namely

(i) The concentration mass relation (at redshift zero) is well de-
scribed by a single power law with slope ≃ − 0.10.

(ii) The inclusion of unrelaxed haloes biases the zero-point to-
wards lower values, and increases the scatter.

(iii) The inclusion of unrelaxed haloes is largely responsible for
creating a false correlation between concentration parameter and
spin parameter.

The symbols in Fig. 5 show the same mean log c200 as function of
M200 as shown in Fig. 3. The solid red lines in the left-hand panels
indicate the best-fitting relation obtained by Neto et al. (2007) from
the Millennium Simulation. 1 For both the full sample of haloes
and for the subsamples of relaxed haloes, the Neto et al. (2007)
results are in excellent agreement with our simulation data over
the range of haloes probed our simulations. Note that, for compar-
ison, the Millennium Simulation only covered the range 1012 !
M200 ! 1015 h−1 M⊙. This agreement is extremely encouraging be-
cause the Millennium Simulation was run with a different N-body

1 Note that the cosmology adopted for the Millennium Simulation is very
close, but not exactly the same as for our WMAP1 cosmology. For the purpose
of our discussion, though, these differences are completely negligible.

C⃝ 2008 The Authors. Journal compilation C⃝ 2008 RAS, MNRAS 391, 1940–1954
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Scatter in Mstar/Mhalo  from 
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galaxy formation simulations
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Simulations are approximations
particle / grid size 

hydrodynamics 

sub-grid models (star formation and feedback) 90% of the problem

Don’t expect a perfect match to observations

be wary of: 1) calibration / over tuning;  2) selection bias
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growth of halo mass (e.g. White & Rees 1978; Blumenthal
et al. 1984), as assumed by halo models and semi-analytical
models (SAMs, e.g. Henriques et al. 2015; Lacey et al. 2016)
and related techniques such as abundance matching (e.g.
Berlind & Weinberg 2002; Yang et al. 2003; Behroozi et al.
2010; van den Bosch et al. 2013). However, both abundance
matching models and observations suggest that there ex-
ists scatter in the stellar mass - halo mass (SMHM) relation
(More et al. 2011; Moster et al. 2013; Behroozi et al. 2013a;
Zu & Mandelbaum 2015), meaning that halo masses alone
cannot be used to predict accurate stellar masses. This could
mean that there is also a second halo property which might
explain (part of) the scatter in the stellar mass - halo mass
(SMHM) relation, for example the formation time (e.g. Zent-
ner et al. 2014), or that there is a halo property other than
mass which is more strongly correlated to stellar mass, such
as the circular velocity (e.g. Conroy et al. 2006; Trujillo-
Gomez et al. 2011).

In this paper, we use simulated galaxies from the EA-
GLE project (Schaye et al. 2015; Crain et al. 2015) to assess
which halo property can be used to predict stellar masses
most accurately, and how it is related to the scatter in the
stellar mass - halo mass relation, see Fig. 1. EAGLE is a hy-
drodynamical simulation for which the feedback from star
formation and AGN has been calibrated to reproduce the
z = 0.1 stellar mass function, galaxy sizes and the black
hole mass - stellar mass relation. Because the simulation
accurately reproduces many di↵erent observables and their
evolution (e.g. Schaye et al. 2015; Furlong et al. 2015a,b;
Trayford et al. 2016), it is well suited for further studies of
galaxy formation.

The properties of dark matter haloes can be a↵ected
by baryonic processes (e.g. Bryan et al. 2013; Velliscig et al.
2014; Schaller et al. 2015b). For example, e�cient cooling
of baryons can increase halo concentrations. For our pur-
poses, it is therefore critical to connect stellar masses to
dark matter halo properties from a matched dark matter
only simulation. Otherwise, it would be impossible to deter-
mine whether a given halo property is a cause or an e↵ect
of e�cient galaxy formation. In order to find which halo
property is most closely related to stellar mass, we thus use
halo properties from the dark matter only version of EA-
GLE, which has the same initial conditions, box size and
resolution as its hydrodynamical counterpart.

An important caveat in studying the scatter in a galaxy
scaling relation in general is that many properties are cor-
related. For example, the scatter in the SMHM relation by
construction can not correlate strongly with any property
that correlates strongly with halo mass. This way, an actual
physical correlation can be hidden. As many halo properties
are related to halo mass (e.g. Jeeson-Daniel et al. 2011), we
should therefore be careful to only correlate the residuals of
the SMHM relation to properties that are weakly or, ideally,
not correlated with halo mass. We therefore use only dimen-
sionless halo properties to study the origin of scatter in the
SMHM relation.

This paper is organised as follows. The simulations and
our analysis methods are presented in §2. In §3 we study
which halo property is related most closely to stellar mass.
We study the origin of scatter in the SMHM relation and
the Mstar � Vmax,DMO relation in §4. We show how we can
predict more accurate stellar masses with a combination of
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Figure 1. Relation between the stellar mass of central EAGLE
galaxies and halo mass in the matched DMO simulation. The
white dashed lines highlight the measured 1� scatter in the region
where individual points are saturated. Also shown are results ob-
tained from abundance matching to observations (Behroozi et al.
2013a; Moster et al. 2013), including a shaded region indicating
their 1� scatter. It can be seen that the slope changes at a halo
mass around 1012 M�, which is the mass at which the galaxy
formation e�ciency peaks.

halo properties in §5. In §6 we show the redshift evolution of
the SMHM relation and its scatter. We discuss our results
and compare with the literature in §7. Finally, §8 summarises
the conclusions.

2 METHODS

2.1 The EAGLE simulation project

In our analysis, we use central galaxies from the (100 cMpc)3

reference EAGLE model at redshift z = 0.101, with a res-
olution such that a galaxy with a mass of Mstar = 1010

M� (such as the Milky Way) is sampled by ⇠ 10, 000 star
particles. The hydrodynamical equations are solved using
the smoothed particle hydrodynamics (SPH) N -body code
Gadget 3, last described by Springel (2005), with modifica-
tions to the hydrodynamics solver (Hopkins 2013; Dalla Vec-
chia 2016; Schaller et al. 2015c), the time stepping (Durier
& Dalla Vecchia 2012) and new sub-grid physics. There are
2⇥15043 particles with masses 1.8⇥106 M� (baryonic) and
9.7⇥106 M� (dark matter). The resolution has been chosen
to resolve the Jeans scale in the warm (T⇠ 104 K) inter-
stellar medium (at least marginally). EAGLE uses a Planck
cosmology (Planck Collaboration et al. 2014). The halo and
galaxy catalogues and merger trees from the EAGLE simu-
lation are publicly available (McAlpine et al. 2016).

For hydrodynamical simulations of galaxy formation,
the implementation of sub-grid physics is critical (e.g. Schaye
et al. 2010; Scannapieco et al. 2012). The included sub-grid
models account for radiative cooling by the eleven most im-
portant elements (Wiersma et al. 2009a), star formation
(Schaye & Dalla Vecchia 2008) and chemical enrichment
(Wiersma et al. 2009b), feedback from star formation (Dalla
Vecchia & Schaye 2012a), growth of black holes (Springel
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Figure 10. Evolution of the SMHM relation (left) and its scatter (right). Di↵erent from previous figures, we plot Mstar/M200,DMO along
the y-axis in order to increase the dynamic range. Dashed lines indicate where there are fewer than 100 galaxies per halo mass bin of 0.4
dex width. With increasing redshift the normalization of the SMHM drops and, except at the lowest halo masses, the scatter increases.

M�. This is not a result of the limited volume of the EA-
GLE simulation, as shown in Appendix B. This is in con-
trast with the typical assumption that �(log10Mstar) is not
a strong function of halo mass, and roughly equals 0.2 dex
(e.g. Leauthaud et al. 2012; Moster et al. 2013; van Uitert
et al. 2016), which is often used in halo abundance match-
ing modelling (e.g. Behroozi et al. 2013a). However, as noted
by Vakili (2016), abundance matching models that allow for
assembly bias (see §7.2) indicate that the scatter can be sig-
nificantly larger.

The most direct observational (yet model-dependent)
constraints on the mass dependence of �(log10Mstar) come
from More et al. (2009) and Yang et al. (2009), who both
measure a halo mass independent scatter of ⇡ 0.17 dex.
The observations from More et al. (2009) are based on the
kinematics of satellite galaxies, while Yang et al. (2009) use
a galaxy group catalog from the Sloan Digital Sky Sur-
vey (SDSS). However, for observational reasons, these con-
straints are mostly set at halo masses M200,DMO > 1012

M� which are higher than the masses for which we find a
significant trend. As illustrated in Fig. 11, EAGLE is consis-
tent with these observational constraints, contrarily to some
semi-analytical models of galaxy formation, which produce
much greater scatter (Guo et al. 2016). We note that the
observational measurements of the scatter should be consid-
ered as upper limits due to errors in stellar mass measure-
ments.

By fitting to lensing and clustering measurements, Zu
& Mandelbaum (2015) simultaneously constrain the SMHM
relation and its scatter at z ⇠ 0.1. In agreement with our
results, they find that �(log10Mstar) decreases with increas-
ing halo mass: from 0.22+0.02

�0.01 dex at M200 . 1012 M� to
0.18+0.01

�0.01 dex at M200 ⇡ 1014 M� (see also Fig. 11 and the
results from a semi-empirical approach by Rodŕıguez-Puebla
et al. 2015). This scatter is similar to that we find in EA-
GLE at M200 . 1012 M�, but it decreases more slowly with
halo mass than in EAGLE, which may be due to the con-
straints set by their assumption that the mass dependence
of the scatter follows a simple linear relation. Tinker et al.
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Figure 11. Scatter in the stellar mass at fixed halo mass as a
function of halo mass. Yellow points show the binned results from
the SDSS galaxy group catalog from Yang et al. 2009. The green
shaded region shows the observational constraints from satellite
kinematics (More et al. 2009). Both observational constraints are
inferred for samples of galaxies with M200,DMO > 1012M� and
are consistent with the results from EAGLE for this mass range.
The red dashed line and shaded region shows the mass depen-
dent scatter inferred by Zu & Mandelbaum (2015). We note that
�(�log10 Mstar) in EAGLE is intrinsic, and does not take errors
in stellar masses into account, which do a↵ect the observations.
Therefore, the observational constraints should be considered as
upper limits.

(2016) report a 0.18+0.01
�0.02 dex scatter at M200 & 1012.7 M�,

slightly higher than the scatter in the SMHM in EAGLE.
Combined with the result from Kravtsov et al. (2014) (who
find that the scatter is 0.17±0.02 dex for M200 > 1014 M�),
the observations indicate that the scatter in the SMHM rela-
tion is insensitive of halo mass for haloes more massive than
M200 & 1012.7 M�.

In a recent combined analysis of N -body simulations
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Figure 8: Scatter in the stellar mass of central galaxies at a given halo mass from various

theoretical and empirical models. Models include four hydrodynamical simulations, Mas-

sive Black II (Khandai et al. 2015), Eagle (McAlpine et al. 2016) and two IllustrisTNG

simulations (Pillepich et al. 2018) (colored circles connected by thin solid lines); four semi-

analytic models, from Henriques et al. (2015), Lu et al. (2014), Somerville et al. (2012),

and the SAGE model from https://tao.asvo.org.au/tao/ (thick solid lines); and three

empirical models, from Behroozi et al. (2018), Becker (2015), and Hearin & Watson (2013)

(dashed lines).

certainties represent a combination of scatter and overall biases in stellar mass estimates.

While the former contributes to �
logM⇤ , the latter does not. Tinker et al. (2017a) estimated

a lower limit to the observational scatter to be 0.11 dex for their stellar masses, yielding

an upper limit to the intrinsic scatter of 0.16 dex. Further understanding of measurement

scatter will enhance our ability to constrain the intrinsic �
logM⇤ .

5.2.1. Comparison with galaxy formation models. How do these constraints compare to the

scatter we expect from physical models of galaxy formation? Figure 8 shows �
logM⇤ as

a function of Mh for a range of models, including cosmological hydrodynamic simulations

of galaxy formation, semi-analytic galaxy formation models, and empirical models. As

discussed in the previous section and as shown in Figure 7, several recent measurements

indicate that the scatter in stellar mass at fixed halo mass is quite well constrained to be

below 0.2 dex at the high mass end, likely below 0.16 dex when considering only the intrinsic

scatter predicted by these models. This is in good agreement with current predictions from

hydrodynamical simulations, as well as with some of the empirical models. We note however

that all of the semi-analytic models shown here, as well as the Behroozi et al. (2018) model

which traces galaxy star formation through dark matter merging histories, have somewhat

larger scatter at the high mass end. This may be due to inadequate correlation between
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Summary: 
• VL depends on size (for early-types) because DM (and gas) fraction is low 
• VL independent of size (for late-types) because DM (and gas) fraction is higher 

• RL has larger scatter because 
    e) spin and Mstar/Mhalo move galaxies across RL 
    f) non-linear relation between galaxy spin and halo spin is a puzzle 

• VL has small scatter because  
    a) small variation in stellar M/L (≈ 0.1 dex) 
    b) small variation in CDM halo structure (σ log c ≈ 0.1)  
    c) scatter in Mstar/Mhalo  is small ≈ 0.20 dex 

    d) spin and Mstar/Mhalo move galaxies along VL



Wish list for VMR scaling relations

Complete samples of galaxies (no SFR selection)

Circular Velocity (e.g., at half-light radius)

Neutral Gas Mass

Near IR luminosity (e.g., 3.6 µm)

Near IR Size
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FIG. 3. The centripetal acceleration observed in rotation
curves, g

obs

= V 2/R, is plotted against that predicted for
the observed distribution of baryons, g

bar

= |@�
bar

/@R| in
the upper panel. Nearly 2700 individual data points for 153
SPARC galaxies are shown in grayscale. The mean uncer-
tainty on individual points is illustrated in the lower left cor-
ner. Large squares show the mean of binned data. Dashed
lines show the width of the ridge as measured by the rms in
each bin. The dotted line is the line of unity. The solid line
is the fit of eq. 4 to the unbinned data using an orthogonal-
distance-regression algorithm that considers errors on both
variables. The inset shows the histogram of all residuals and
a Gaussian of width � = 0.11 dex. The residuals are shown
as a function of g

obs

in the lower panel. The error bars on the
binned data are smaller than the size of the points. The solid
lines show the scatter expected from observational uncertain-
ties and galaxy to galaxy variation in the stellar mass-to-light
ratio. This extrinsic scatter closely follows the observed rms
scatter (dashed lines): the data are consistent with negligible
intrinsic scatter.

Nevertheless, the radial acceleration relation persists
for all galaxies of all types. Some galaxies only probe the
high acceleration regime while others only probe the low
end (Fig. 2). The outer regions of high surface brightness
galaxies map smoothly to the inner regions of low surface
brightness galaxies. These very di↵erent objects evince
the same mass discrepancy at the same acceleration. In-
dividual galaxies are indistinguishable in Fig. 3.

TABLE I. Scatter Budget for Acceleration Residuals

Source Residual

Rotation velocity errors 0.03 dex

Disk inclination errors 0.05 dex

Galaxy distance errors 0.08 dex

Variation in mass-to-light ratios 0.06 dex

HI flux calibration errors 0.01 dex

Total 0.12 dex

Figure 3 combines and generalizes four well-established
properties of rotating galaxies: flat rotation curves in the
outer parts of spiral galaxies [1, 2]; the “conspiracy” that
spiral rotation curves show no indication of the tran-
sition from the baryon-dominated inner regions to the
outer parts that are dark matter-dominated in the stan-
dard model [35]; the Tully-Fisher [3] relation between the
outer velocity and the inner stellar mass, later general-
ized to the stellar plus atomic hydrogen mass [4]; and the
relation between the central surface brightness of galaxies
and their inner rotation curve gradient [37–39].
It is convenient to fit a function that describes the data.

The function [40]

g
obs

= F(g
bar

) =
g
bar

1� e�
p

gbar/g†
(4)

provides a good fit. The one fit parameter is the acceler-
ation scale, g†, where the mass discrepancy becomes pro-
nounced. For our adopted ⌥?, we find g† = 1.20 ± 0.02
(random) ±0.24 (systematic) ⇥10�10 ms�2. The ran-
dom error is a 1� value, while the systematic uncertainty
represents the 20% normalization uncertainty in ⌥?.
Equation 4 provides a good description of ⇠2700 in-

dividual data points in 153 di↵erent galaxies. This is a
rather minimalistic parameterization. In addition to the
scale g†, eq. 4 implicitly contains a linear slope at high
accelerations and g

obs

/ p
g
bar

at low accelerations. The
high end slope is sensible: dark matter becomes negligi-
ble at some point. The low end slope of the data could
in principle di↵er from that implicitly assumed by eq. 4,
but if so there is no indication in these data.
Residuals from the fit are well described by a Gaussian

of width 0.11 dex (Fig. 3). The rms scatter is 0.13 dex
owing to the inevitable outliers. These are tiny num-
bers by the standards of extragalactic astronomy. The
intrinsic scatter in the relation must be smaller still once
scatter due to errors are accounted for.
There are two types of extrinsic scatter in the radial

acceleration relation: measurement uncertainties and
galaxy to galaxy variation in ⌥?. Measurement uncer-
tainties in g

obs

follow from the error in the rotation veloc-
ities, disk inclinations, and galaxy distances. The mean
contribution of each is given in Table I. Intrinsic scatter
about the mean mass-to-light ratio is anticipated to be

McGaugh et al. 2016
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Nevertheless, the radial acceleration relation persists
for all galaxies of all types. Some galaxies only probe the
high acceleration regime while others only probe the low
end (Fig. 2). The outer regions of high surface brightness
galaxies map smoothly to the inner regions of low surface
brightness galaxies. These very di↵erent objects evince
the same mass discrepancy at the same acceleration. In-
dividual galaxies are indistinguishable in Fig. 3.

TABLE I. Scatter Budget for Acceleration Residuals

Source Residual

Rotation velocity errors 0.03 dex

Disk inclination errors 0.05 dex

Galaxy distance errors 0.08 dex
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Figure 3 combines and generalizes four well-established
properties of rotating galaxies: flat rotation curves in the
outer parts of spiral galaxies [1, 2]; the “conspiracy” that
spiral rotation curves show no indication of the tran-
sition from the baryon-dominated inner regions to the
outer parts that are dark matter-dominated in the stan-
dard model [35]; the Tully-Fisher [3] relation between the
outer velocity and the inner stellar mass, later general-
ized to the stellar plus atomic hydrogen mass [4]; and the
relation between the central surface brightness of galaxies
and their inner rotation curve gradient [37–39].
It is convenient to fit a function that describes the data.

The function [40]
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provides a good fit. The one fit parameter is the acceler-
ation scale, g†, where the mass discrepancy becomes pro-
nounced. For our adopted ⌥?, we find g† = 1.20 ± 0.02
(random) ±0.24 (systematic) ⇥10�10 ms�2. The ran-
dom error is a 1� value, while the systematic uncertainty
represents the 20% normalization uncertainty in ⌥?.
Equation 4 provides a good description of ⇠2700 in-

dividual data points in 153 di↵erent galaxies. This is a
rather minimalistic parameterization. In addition to the
scale g†, eq. 4 implicitly contains a linear slope at high
accelerations and g
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at low accelerations. The
high end slope is sensible: dark matter becomes negligi-
ble at some point. The low end slope of the data could
in principle di↵er from that implicitly assumed by eq. 4,
but if so there is no indication in these data.
Residuals from the fit are well described by a Gaussian

of width 0.11 dex (Fig. 3). The rms scatter is 0.13 dex
owing to the inevitable outliers. These are tiny num-
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Nevertheless, the radial acceleration relation persists
for all galaxies of all types. Some galaxies only probe the
high acceleration regime while others only probe the low
end (Fig. 2). The outer regions of high surface brightness
galaxies map smoothly to the inner regions of low surface
brightness galaxies. These very di↵erent objects evince
the same mass discrepancy at the same acceleration. In-
dividual galaxies are indistinguishable in Fig. 3.
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Galaxy distance errors 0.08 dex
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outer parts of spiral galaxies [1, 2]; the “conspiracy” that
spiral rotation curves show no indication of the tran-
sition from the baryon-dominated inner regions to the
outer parts that are dark matter-dominated in the stan-
dard model [35]; the Tully-Fisher [3] relation between the
outer velocity and the inner stellar mass, later general-
ized to the stellar plus atomic hydrogen mass [4]; and the
relation between the central surface brightness of galaxies
and their inner rotation curve gradient [37–39].
It is convenient to fit a function that describes the data.

The function [40]
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provides a good fit. The one fit parameter is the acceler-
ation scale, g†, where the mass discrepancy becomes pro-
nounced. For our adopted ⌥?, we find g† = 1.20 ± 0.02
(random) ±0.24 (systematic) ⇥10�10 ms�2. The ran-
dom error is a 1� value, while the systematic uncertainty
represents the 20% normalization uncertainty in ⌥?.
Equation 4 provides a good description of ⇠2700 in-

dividual data points in 153 di↵erent galaxies. This is a
rather minimalistic parameterization. In addition to the
scale g†, eq. 4 implicitly contains a linear slope at high
accelerations and g
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at low accelerations. The
high end slope is sensible: dark matter becomes negligi-
ble at some point. The low end slope of the data could
in principle di↵er from that implicitly assumed by eq. 4,
but if so there is no indication in these data.
Residuals from the fit are well described by a Gaussian

of width 0.11 dex (Fig. 3). The rms scatter is 0.13 dex
owing to the inevitable outliers. These are tiny num-
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intrinsic scatter in the relation must be smaller still once
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FIG. 3. Total acceleration profiles for all halos as a function of their baryonic acceleration. The left panel shows results for all halos in all
simulations at z = 0. Lines, points and colors have the same meaning as in Figure 1. The right-hand panel shows (for REF) the redshift
evolution for progenitor galaxies. The dashed lines in the left and right-hand panels show eq. 1 with g† = 2.6 ⇥ 10

�10

ms

�2. Inset panels
show the relative scatter around this curve after combining all simulations (left) and for individual redshifts (right); the solid lines represent
the observational scatter in [15]. The middle panel plots the g

obs

� g
bar

relation after rescaling galaxy stellar masses so that they fall on the
abundance matching relation shown in Figure 1 (left). The thick grey line and shaded band indicates the mean trend and scatter obtained by
[15] from observations of rotationally supported galaxies.

to galaxy formation: the more massive the central galaxy, the
more concentrated its DM halo. The effect is, however, weak.
The dark grey line in each panel shows, for comparison, the
circular velocity curve of the same halo in the corresponding
DM-only simulation.

The resulting rotation curves show a clear transition from
baryon to dark matter dominated regimes, suggesting that
careful calibration of subgrid models is needed to produce
galaxies with realistic mass profiles. Despite these structural
differences, all four galaxies nevertheless follow closely the
same relation between the total acceleration and the acceler-
ation due to baryons (lower panels). Galaxies in the NoAGN
run, which are more massive and more compact than those in
OnlyAGN, populate the high acceleration regime of the rela-
tion, indicating that they are baryon dominated over a larger
radial extent. When included, AGN feedback periodically
quenches star formation resulting in less compact and lower
mass central galaxies that are DM dominated over a large ra-
dial range.

The right-hand panels of Figure 2 show another example.
Here we select all halos from NoAGN and StrongFB whose
masses lie in the range 12.3  log

10

M
200

/M�  12.5 (verti-
cal shaded band in the left panel of Figure 1) and plot their me-
dian circular velocity and acceleration profiles. These galax-
ies have stellar masses that differ, on average, by a factor of
⇡ 4 depending on the feedback implementation, but inhabit
halos of comparable DM mass. As before, solid curves show
the median dark matter mass profile for the same halos identi-
fied in the corresponding DM-only simulation; open symbols
show VDM

c

(r) measured directly in the EAGLE runs. The sup-
pression of star formation by strong feedback results in con-
siderably less massive galaxies that are dark matter dominated

at most resolved radii. Nevertheless, both sets of galaxies fol-
low the acceleration relation given by eq. 1.

In all cases, different feedback models produce galaxies that
move along the MDAR rather than perpendicular to it, result-
ing in small scatter. It is easy to see why. Consider an arbi-
trary galactic radius at which the total and baryonic accelera-
tions are related by eq. 1. Changing the enclosed baryon mass
within this radius by a factor f shifts points horizontally to
g

0

bar

= f g
bar

, but also vertically to g
0

tot

= g
tot

+(f�1) g
bar

.
As a result, galaxies of different stellar mass or size that in-
habit similar halos tend to move diagonally in the space of
g
bar

versus g
tot

. The shaded regions in the lower panels of
Figure 2 indicate the scatter expected for enclosed baryon
masses that differ from eq. 1 (with g† = 2.6 ⇥ 10�10ms�2)
by factors of 3 (light shaded region) and 2 (darker region).

Figure 3 (left) shows the total versus baryonic acceleration
for all (z = 0) galaxies in all simulations. For each run we
show the average trends either as solid lines (REF, OnlyAGN
and NoAGN) or heavy symbols (WeakFB, StrongFB and
APOSTLE). The dashed line describes the numerical data re-
markably well, even for models whose subgrid physics were
not tuned to match observational constraints. The inset panel
plots the residual scatter around this line. Despite the wide
range of galaxy properties it is smaller (� = 0.08 dex; see
also [23]) than that of the best available observational data
(� = 0.11 dex), indicated by the solid line [15].

Note too that the acceleration relation persists at high red-
shift, where galaxies are more likely to be actively merging.
The right-hand panel of Figure 3 shows the acceleration rela-
tion for z = 0 galaxy progenitors in our REF model at four
higher redshifts. Regardless of z, the mean relations are very
similar. The residuals are also small (inset panel), but show
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particles in the halo on those particles within the annulus. Only
the in-plane component of the acceleration was used, to better
follow McGaugh et al. (2016). For gobs (the observed
acceleration), all particles (gas, stars, and DM) within the
simulation were used. To calculate gbar, we simply calculate the
contributions from stars and gas, g* and ggas, so that

*
= +g g gbar gas. For each of g* and ggas, we use a direct

summation only on those particles (stars and gas, respectively).
This process of direct summation to calculate gravity is
equivalent to the numerical solution to Poisson’s equation used
in McGaugh et al. (2016). The mass model in SPARC (Lelli
et al. 2016a) included stellar masses estimated from 3.6 μm
near-infrared observations and gas masses estimated using
21 cm observations of HI. These HI masses were converted to
total gas masses using the simple equation =M M1.33gas HI.
Rather than using the total gas mass from our simulations, we
follow the HI-based estimate from SPARC by calculating
accelerations due to gas using M1.33 HI, rather thanMgas. This is
especially important near the outskirts of the galaxy, where the
contribution to the baryonic mass from ionized gas in the ISM
and circumgalactic medium is most significant. The HI fraction
is calculated using the radiative cooling code within GASO-
LINE, which relies on tabulated equilibrium cooling rates from
CLOUDY (Ferland et al. 2013).

3. Results

3.1. z=0 Acceleration Relation

The MUGS2 sample gives us 2100 acceleration data points,
just over 3/4 the sample size of McGaugh et al. (2016).
Figure 1 shows the -g gobs bar relation for the MUGS2 sample,
compared both to the pure baryonic acceleration and the RAR.
It is clear these simulated galaxies follow the McGaugh et al.
(2016) relation extremely well. As can be seen from the inset
residual distribution, our simulated galaxies follow the SPARC
RAR even more tightly than the actual observational data. The

scatter in our results, with σ=0.06 dex, is consistent with the
McGaugh et al. (2016) estimates. They decomposed their
scatter of 0.11 dex into different sources, and when all of the
observational uncertainties are removed, the remaining intrinsic
scatter gives a variance of σ=0.06 dex, very close to the value
presented here here. A reduced χ2 statistic of the SPARC
relation fit to the z=0 MUGS2 data finds a very good fit, with
c =n 1.252 . These simulation data are fit by Equation (1) at
least as well as the original SPARC data.

3.2. Feedback and the Evolution of the Acceleration Relation

If the SPARC acceleration relation is in fact due to new
physics, it would be surprising if the relation did not hold at all
redshifts. This would not be the case if the relation was simply
a consequence of galaxy evolution. In Figure 2, we show that
the acceleration relation in the MUGS2 sample actually shows
significant redshift dependence, and only settles to the
Equation (1) relation near z=0. For these data points, we
scaled the thickness of the annuli by the cosmic scale factor a,
so that d = +r z300 1 pc( ) . This scaling ensures we are
sampling primarily from the stellar disk, and not well beyond it.
Omitting this scaling has little effect on these results, save for
extending the points to very low values of gbar and removing
points from the high gbar end. This evolution is a consequence
of the huge impact that stellar feedback has on galaxies at
z∼2. Keller et al. (2015) showed that SNe drive hot outflows
from high-redshift galaxies with mass loadings of

* ~M M 10out˙ ˙ . This leads to disks at high redshift with
baryon fractions depleted relative to those at low redshift. This
feedback effect is clear when a single galaxy, g1536, is
compared to the same galaxy simulated without SNe feedback.
As Figure 3 shows, the redshift trend is nearly nonexistent
without SNe feedback. Even at z=2, the galaxy without
feedback falls within the scatter of the SPARC observations,
and within the scatter of the z=0 MUGS2 relation. This tells
us that we need not invoke feedback processes to explain the
z=0 SPARC RAR. Simple dissipational collapse of gas is

Figure 1. Total acceleration (gobs) vs. acceleration due to baryons (gbar) from
2100 data points in the z=0 MUGS2 sample, shown in the blue two-
dimensional histogram. The dotted black curve shows the 1:1 relation expected
if the acceleration was due to baryons alone (without dark matter), while the
solid line shows the relation presented in McGaugh et al. (2016). A Gaussian
distribution fitted to these residuals finds a variance of σ=0.06 dex,
significantly lower than the 0.11 dex found by McGaugh et al. (2016).

Figure 2. The simulated -g gobs bar relation is not constant with redshift. As
this figure shows, at higher redshift the low gbar slope is much shallower than at
z=0. This shows that for high-redshift galaxies, their disks can be depleted of
baryons compared with z=0. We have focused on the low gbar end of the
relation here, where the changes are most significant.
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FIG. 3. Total acceleration profiles for all halos as a function of their baryonic acceleration. The left panel shows results for all halos in all
simulations at z = 0. Lines, points and colors have the same meaning as in Figure 1. The right-hand panel shows (for REF) the redshift
evolution for progenitor galaxies. The dashed lines in the left and right-hand panels show eq. 1 with g† = 2.6 ⇥ 10

�10

ms

�2. Inset panels
show the relative scatter around this curve after combining all simulations (left) and for individual redshifts (right); the solid lines represent
the observational scatter in [15]. The middle panel plots the g

obs

� g
bar

relation after rescaling galaxy stellar masses so that they fall on the
abundance matching relation shown in Figure 1 (left). The thick grey line and shaded band indicates the mean trend and scatter obtained by
[15] from observations of rotationally supported galaxies.

to galaxy formation: the more massive the central galaxy, the
more concentrated its DM halo. The effect is, however, weak.
The dark grey line in each panel shows, for comparison, the
circular velocity curve of the same halo in the corresponding
DM-only simulation.

The resulting rotation curves show a clear transition from
baryon to dark matter dominated regimes, suggesting that
careful calibration of subgrid models is needed to produce
galaxies with realistic mass profiles. Despite these structural
differences, all four galaxies nevertheless follow closely the
same relation between the total acceleration and the acceler-
ation due to baryons (lower panels). Galaxies in the NoAGN
run, which are more massive and more compact than those in
OnlyAGN, populate the high acceleration regime of the rela-
tion, indicating that they are baryon dominated over a larger
radial extent. When included, AGN feedback periodically
quenches star formation resulting in less compact and lower
mass central galaxies that are DM dominated over a large ra-
dial range.

The right-hand panels of Figure 2 show another example.
Here we select all halos from NoAGN and StrongFB whose
masses lie in the range 12.3  log

10

M
200

/M�  12.5 (verti-
cal shaded band in the left panel of Figure 1) and plot their me-
dian circular velocity and acceleration profiles. These galax-
ies have stellar masses that differ, on average, by a factor of
⇡ 4 depending on the feedback implementation, but inhabit
halos of comparable DM mass. As before, solid curves show
the median dark matter mass profile for the same halos identi-
fied in the corresponding DM-only simulation; open symbols
show VDM

c

(r) measured directly in the EAGLE runs. The sup-
pression of star formation by strong feedback results in con-
siderably less massive galaxies that are dark matter dominated

at most resolved radii. Nevertheless, both sets of galaxies fol-
low the acceleration relation given by eq. 1.

In all cases, different feedback models produce galaxies that
move along the MDAR rather than perpendicular to it, result-
ing in small scatter. It is easy to see why. Consider an arbi-
trary galactic radius at which the total and baryonic accelera-
tions are related by eq. 1. Changing the enclosed baryon mass
within this radius by a factor f shifts points horizontally to
g

0

bar

= f g
bar

, but also vertically to g
0

tot

= g
tot

+(f�1) g
bar

.
As a result, galaxies of different stellar mass or size that in-
habit similar halos tend to move diagonally in the space of
g
bar

versus g
tot

. The shaded regions in the lower panels of
Figure 2 indicate the scatter expected for enclosed baryon
masses that differ from eq. 1 (with g† = 2.6 ⇥ 10�10ms�2)
by factors of 3 (light shaded region) and 2 (darker region).

Figure 3 (left) shows the total versus baryonic acceleration
for all (z = 0) galaxies in all simulations. For each run we
show the average trends either as solid lines (REF, OnlyAGN
and NoAGN) or heavy symbols (WeakFB, StrongFB and
APOSTLE). The dashed line describes the numerical data re-
markably well, even for models whose subgrid physics were
not tuned to match observational constraints. The inset panel
plots the residual scatter around this line. Despite the wide
range of galaxy properties it is smaller (� = 0.08 dex; see
also [23]) than that of the best available observational data
(� = 0.11 dex), indicated by the solid line [15].

Note too that the acceleration relation persists at high red-
shift, where galaxies are more likely to be actively merging.
The right-hand panel of Figure 3 shows the acceleration rela-
tion for z = 0 galaxy progenitors in our REF model at four
higher redshifts. Regardless of z, the mean relations are very
similar. The residuals are also small (inset panel), but show
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particles in the halo on those particles within the annulus. Only
the in-plane component of the acceleration was used, to better
follow McGaugh et al. (2016). For gobs (the observed
acceleration), all particles (gas, stars, and DM) within the
simulation were used. To calculate gbar, we simply calculate the
contributions from stars and gas, g* and ggas, so that

*
= +g g gbar gas. For each of g* and ggas, we use a direct

summation only on those particles (stars and gas, respectively).
This process of direct summation to calculate gravity is
equivalent to the numerical solution to Poisson’s equation used
in McGaugh et al. (2016). The mass model in SPARC (Lelli
et al. 2016a) included stellar masses estimated from 3.6 μm
near-infrared observations and gas masses estimated using
21 cm observations of HI. These HI masses were converted to
total gas masses using the simple equation =M M1.33gas HI.
Rather than using the total gas mass from our simulations, we
follow the HI-based estimate from SPARC by calculating
accelerations due to gas using M1.33 HI, rather thanMgas. This is
especially important near the outskirts of the galaxy, where the
contribution to the baryonic mass from ionized gas in the ISM
and circumgalactic medium is most significant. The HI fraction
is calculated using the radiative cooling code within GASO-
LINE, which relies on tabulated equilibrium cooling rates from
CLOUDY (Ferland et al. 2013).

3. Results

3.1. z=0 Acceleration Relation

The MUGS2 sample gives us 2100 acceleration data points,
just over 3/4 the sample size of McGaugh et al. (2016).
Figure 1 shows the -g gobs bar relation for the MUGS2 sample,
compared both to the pure baryonic acceleration and the RAR.
It is clear these simulated galaxies follow the McGaugh et al.
(2016) relation extremely well. As can be seen from the inset
residual distribution, our simulated galaxies follow the SPARC
RAR even more tightly than the actual observational data. The

scatter in our results, with σ=0.06 dex, is consistent with the
McGaugh et al. (2016) estimates. They decomposed their
scatter of 0.11 dex into different sources, and when all of the
observational uncertainties are removed, the remaining intrinsic
scatter gives a variance of σ=0.06 dex, very close to the value
presented here here. A reduced χ2 statistic of the SPARC
relation fit to the z=0 MUGS2 data finds a very good fit, with
c =n 1.252 . These simulation data are fit by Equation (1) at
least as well as the original SPARC data.

3.2. Feedback and the Evolution of the Acceleration Relation

If the SPARC acceleration relation is in fact due to new
physics, it would be surprising if the relation did not hold at all
redshifts. This would not be the case if the relation was simply
a consequence of galaxy evolution. In Figure 2, we show that
the acceleration relation in the MUGS2 sample actually shows
significant redshift dependence, and only settles to the
Equation (1) relation near z=0. For these data points, we
scaled the thickness of the annuli by the cosmic scale factor a,
so that d = +r z300 1 pc( ) . This scaling ensures we are
sampling primarily from the stellar disk, and not well beyond it.
Omitting this scaling has little effect on these results, save for
extending the points to very low values of gbar and removing
points from the high gbar end. This evolution is a consequence
of the huge impact that stellar feedback has on galaxies at
z∼2. Keller et al. (2015) showed that SNe drive hot outflows
from high-redshift galaxies with mass loadings of

* ~M M 10out˙ ˙ . This leads to disks at high redshift with
baryon fractions depleted relative to those at low redshift. This
feedback effect is clear when a single galaxy, g1536, is
compared to the same galaxy simulated without SNe feedback.
As Figure 3 shows, the redshift trend is nearly nonexistent
without SNe feedback. Even at z=2, the galaxy without
feedback falls within the scatter of the SPARC observations,
and within the scatter of the z=0 MUGS2 relation. This tells
us that we need not invoke feedback processes to explain the
z=0 SPARC RAR. Simple dissipational collapse of gas is

Figure 1. Total acceleration (gobs) vs. acceleration due to baryons (gbar) from
2100 data points in the z=0 MUGS2 sample, shown in the blue two-
dimensional histogram. The dotted black curve shows the 1:1 relation expected
if the acceleration was due to baryons alone (without dark matter), while the
solid line shows the relation presented in McGaugh et al. (2016). A Gaussian
distribution fitted to these residuals finds a variance of σ=0.06 dex,
significantly lower than the 0.11 dex found by McGaugh et al. (2016).

Figure 2. The simulated -g gobs bar relation is not constant with redshift. As
this figure shows, at higher redshift the low gbar slope is much shallower than at
z=0. This shows that for high-redshift galaxies, their disks can be depleted of
baryons compared with z=0. We have focused on the low gbar end of the
relation here, where the changes are most significant.
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Figure 8. Dependence of scatter in stellar mass - halo velocity relation on halo concentration. The upper panels show the mass - velocity
relations, using virial velocity, V DMO

200 (left), and maximum circular velocity, V DMO
max (right) from the DMO simulations. The zero point,

aall, and scatter, σall from a linear fit (solid black lines) are shown at the top of each panel. The subsequent numbers show the zero points
for fits to low, average, and high concentration haloes. The lower panels show the residuals about the best fit relation vs V DMO

max /V DMO
200

which is our proxy for halo concentration. In all panels points are color coded by concentration, with red for low, green for average, and
blue for high. At fixed virial velocity higher concentration haloes are offset to higher stellar masses, while at fixed maximum circular
velocity higher concentration haloes are offset to lower stellar masses. The scatter about the mass residual vs concentration relation is
given in the upper left corner, and shows that including concentration reduces the scatter in the mass - velocity relation.

with V DMO
200 than V200 due to increased mass loss from lower

mass haloes, and steeper still using V DMO
max because lower

mass haloes have higher V DMO
max /V200 due to the higher aver-

age concentrations (recall the concentration vs velocity re-
lation for CDM haloes goes like c ∝ M−0.1

200 ∝ V −0.3
200 ).

Comparing the different panels in Fig. 7 we see that stel-
lar mass correlates better with maximum halo velocity than
virial velocity, while cold gas mass, and total baryonic mass
correlates better with virial velocity than maximum veloc-
ity. Thus there is no single velocity definition that minimizes
the scatter in all baryonic components.

4 IMPLICATIONS FOR HALO ABUNDANCE

MATCHING

The halo abundance matching technique is a powerful way
to link the masses of galaxies to the masses of dark matter
haloes, under the assumption of ΛCDM and cosmological
parameters (Conroy & Wechsler 2009). It can be used to
understand how stars form over cosmic time. In its simplest
form, the ansatz is that more massive galaxies live in more
massive dark matter haloes. In our simulations scatter in
stellar mass at fixed halo virial or maximum circular veloc-
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Vα = Vvir (Vmax / Vvir)α 

literature (e.g., More et al. 2009). Additionally, this vpeak model
requires the exclusion of subhalos whose current mass is less
than some fraction of the peak mass (using the parameter

≔m M Mcut vir,now peak), and we do not find this to be required
with âv . Furthermore, the vpeak model did not provide a good fit
to the brightest samples when matching to luminosity (see the
top left panel of Figure26 of Reddick et al. 2013), nor did it fit
the satellite fraction without excluding halos of low
M Mvir,now peak (i.e., with m = 0cut in Reddick et al. 2013,
Figure 22).

The analysis in our present paper uses a larger box with
about four times the volume, and thus provides more
constraining power. In Figure 10, one can see that given the
degeneracy between scatter and α, the smaller Bolshoi box
does allow for a region with a = 1 (corresponding to vpeak)
with higher scatter (0.2). This region is consistent with the
best-fit result of Reddick et al. (2013), but is ruled out here with
the larger DarkSky-400 box.

5.2. Flexibility of the Abundance Matching Framework

The core idea of abundance matching is based ontwo key
assumptions: (1) all galaxies live in dark matter density peaks,
and (2) galaxy properties are well correlated with halo
properties. However, abundance matching should not be
viewed as a “parameter-free” model, but instead, can be
viewed as a flexible description of the galaxy–halo connection
whose parameters can be constrained by observations.

By introducing this new interpolation scheme with the
parameter α, we demonstrate that the abundance matching
technique is more flexible than the version that was originally
proposed. This interpolation scheme also provides a novel
interpretation of the matching proxy. Traditionally, when we
compare the performance of two abundance matching proxies,
we tend to overemphasize the physical meaning of the proxy
that performs better. With this α parameter, we demonstrate

that, under the framework of abundance matching, there is
indeed nothing special about the maximal circular velocity. It is
only that observations of clustering statistics favor more
concentration dependence than using simply halo mass as a
proxy.
On a different note, the α parameter affects the galaxy

clustering in the resulting catalog by changing the satellite
fraction and the amount of assembly bias. However, we also
note that, within the framework of abundance matching, these
two effects (assembly bias and satellite fraction) are linked in
aspecific way when one changes the parameter α. This link is
physically justified if all galaxies live in resolved halos and if
galaxy and halo properties can be effectively rank matched
with one of the proxies considered. On the contrary, the model
in Hearin et al. (2016) does not assume this link, and the two
effects can be adjusted separately. Nevertheless, with the
clustering statistics we tested here, there is no evidence that this
link, implicitly assumed when one uses abundance matching,
needs to be broken.
This linked feature also enables us to constrain α with only

the two-halo clustering. In fact, when we exclude small scales
in our analysis, we obtain a consistent, though weaker,
constraint on α. This is promising due to the more difficult
nature of modeling the smallest scales, which can be impacted
by fiber collisions in the data, and by resolution and baryonic
effects in the simulations. At present, our best constraint on α
still comes from scales in the one-halo regime, but stronger
large-scale constraints will be possible as data samples become
larger. This result suggests that many of the key details of the
galaxy–halo connection may be constrained even without the
smallest scales.
It is also important to note that, in addition to the

concentration dependence discussed in this work, there is still
a rich set of parameters that can potentially be included in
abundance matching without breaking the core assumptions
mentioned above, such as using non-constant or non-Gaussian
scatter, evaluating the matching proxy at different epochs, and
adopting different treatments for central and satellite galaxies.
With future simulations that have larger volumes and higher
resolutions, we can constrain these potential abundance
matching parameters, and in return obtain insights on the
physical processes of galaxy formation.

5.3. Constraining Power from Other Statistics

Several other probes can provide complementary constrain-
ing power on the α parameter. Although, in this paper, we have
not completed a full analysis of satellite fractions, Figure 4
already demonstrates that the satellite fraction as a function of
luminosity can provide independent constraints on α. Simi-
larly, other group statistics, such as the conditional luminosity
function, should also provide additional constraints on α and
scatter.
As an example, R.M.Reddick et al. (2016, in preparation)

have studied the conditional luminosity function of galaxies in
the redMaPPer cluster sample (Rykoff et al. 2014). This sample
consists of a very large number of photometrically identified
clusters, and hence allows for very small statistical errors on the
parameters. This work finds that for models with lower scatter,
data require a stronger anti-correlation between satellite
occupation and central luminosity. Since satellite occupation
is also anti-correlated with host halo concentration (Zentner
et al. 2005; Mao et al. 2015), the result of R.M.Reddick et al.

Figure 8. Combined joint constraint on α and scatter from four thresholds
( < -M 20.5r , −21, −21.5, and −22.0) for DarkSky-400. The contours,
from dark to light blue, show the one-side p-value of 0.05, 0.01, and 0.001 for
the c2 fit. Crosshairs show best-fit point (a = -

+0.57 ;0.27
0.20 scat-

ter = -
+0.17 dex0.05

0.03 ).
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literature (e.g., More et al. 2009). Additionally, this vpeak model
requires the exclusion of subhalos whose current mass is less
than some fraction of the peak mass (using the parameter

≔m M Mcut vir,now peak), and we do not find this to be required
with âv . Furthermore, the vpeak model did not provide a good fit
to the brightest samples when matching to luminosity (see the
top left panel of Figure26 of Reddick et al. 2013), nor did it fit
the satellite fraction without excluding halos of low
M Mvir,now peak (i.e., with m = 0cut in Reddick et al. 2013,
Figure 22).

The analysis in our present paper uses a larger box with
about four times the volume, and thus provides more
constraining power. In Figure 10, one can see that given the
degeneracy between scatter and α, the smaller Bolshoi box
does allow for a region with a = 1 (corresponding to vpeak)
with higher scatter (0.2). This region is consistent with the
best-fit result of Reddick et al. (2013), but is ruled out here with
the larger DarkSky-400 box.

5.2. Flexibility of the Abundance Matching Framework

The core idea of abundance matching is based ontwo key
assumptions: (1) all galaxies live in dark matter density peaks,
and (2) galaxy properties are well correlated with halo
properties. However, abundance matching should not be
viewed as a “parameter-free” model, but instead, can be
viewed as a flexible description of the galaxy–halo connection
whose parameters can be constrained by observations.

By introducing this new interpolation scheme with the
parameter α, we demonstrate that the abundance matching
technique is more flexible than the version that was originally
proposed. This interpolation scheme also provides a novel
interpretation of the matching proxy. Traditionally, when we
compare the performance of two abundance matching proxies,
we tend to overemphasize the physical meaning of the proxy
that performs better. With this α parameter, we demonstrate

that, under the framework of abundance matching, there is
indeed nothing special about the maximal circular velocity. It is
only that observations of clustering statistics favor more
concentration dependence than using simply halo mass as a
proxy.
On a different note, the α parameter affects the galaxy

clustering in the resulting catalog by changing the satellite
fraction and the amount of assembly bias. However, we also
note that, within the framework of abundance matching, these
two effects (assembly bias and satellite fraction) are linked in
aspecific way when one changes the parameter α. This link is
physically justified if all galaxies live in resolved halos and if
galaxy and halo properties can be effectively rank matched
with one of the proxies considered. On the contrary, the model
in Hearin et al. (2016) does not assume this link, and the two
effects can be adjusted separately. Nevertheless, with the
clustering statistics we tested here, there is no evidence that this
link, implicitly assumed when one uses abundance matching,
needs to be broken.
This linked feature also enables us to constrain α with only

the two-halo clustering. In fact, when we exclude small scales
in our analysis, we obtain a consistent, though weaker,
constraint on α. This is promising due to the more difficult
nature of modeling the smallest scales, which can be impacted
by fiber collisions in the data, and by resolution and baryonic
effects in the simulations. At present, our best constraint on α
still comes from scales in the one-halo regime, but stronger
large-scale constraints will be possible as data samples become
larger. This result suggests that many of the key details of the
galaxy–halo connection may be constrained even without the
smallest scales.
It is also important to note that, in addition to the

concentration dependence discussed in this work, there is still
a rich set of parameters that can potentially be included in
abundance matching without breaking the core assumptions
mentioned above, such as using non-constant or non-Gaussian
scatter, evaluating the matching proxy at different epochs, and
adopting different treatments for central and satellite galaxies.
With future simulations that have larger volumes and higher
resolutions, we can constrain these potential abundance
matching parameters, and in return obtain insights on the
physical processes of galaxy formation.

5.3. Constraining Power from Other Statistics

Several other probes can provide complementary constrain-
ing power on the α parameter. Although, in this paper, we have
not completed a full analysis of satellite fractions, Figure 4
already demonstrates that the satellite fraction as a function of
luminosity can provide independent constraints on α. Simi-
larly, other group statistics, such as the conditional luminosity
function, should also provide additional constraints on α and
scatter.
As an example, R.M.Reddick et al. (2016, in preparation)

have studied the conditional luminosity function of galaxies in
the redMaPPer cluster sample (Rykoff et al. 2014). This sample
consists of a very large number of photometrically identified
clusters, and hence allows for very small statistical errors on the
parameters. This work finds that for models with lower scatter,
data require a stronger anti-correlation between satellite
occupation and central luminosity. Since satellite occupation
is also anti-correlated with host halo concentration (Zentner
et al. 2005; Mao et al. 2015), the result of R.M.Reddick et al.

Figure 8. Combined joint constraint on α and scatter from four thresholds
( < -M 20.5r , −21, −21.5, and −22.0) for DarkSky-400. The contours,
from dark to light blue, show the one-side p-value of 0.05, 0.01, and 0.001 for
the c2 fit. Crosshairs show best-fit point (a = -

+0.57 ;0.27
0.20 scat-

ter = -
+0.17 dex0.05

0.03 ).
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Figure 10. Scatter of the stellar mass vs halo velocity relation
for V DMO

α = V200(Vmax/V200)α. The scatter is minimized for α ≃

0.7, for both the NIHAO hydro simulations (black points) and
the SAM (solid blue line), consistent with results from clustering
(Lehmann et al. 2015, red error bar). The dashed line shows a
SAM that includes only scatter in halo concentration, while the
dotted line shows a model that only includes scatter in halo spin.

c or λ. These show that the minimum in scatter is driven
solely by the scatter in concentration parameter. Since the
concentration parameter is strongly correlated with the mass
accretion history, we suggest that the formation history of
the halo is the underlying physical origin of these trends.
The exact reason why this results in a preferable scale of
0.4R200 remains to be determined.

5 SUMMARY

We study the scaling relations between galaxy mass and
circular velocity in halos of mass 1010 ∼

< M200 ∼
< 1012M⊙.

We use a sample of 83 fully cosmological galaxy formation
simulations from the NIHAO project (Wang et al. 2015), and
the semi-analytic model of Dutton (2012). We summarize
our results as follows:

• The simulations are consistent with the observed stellar,
cold gas, and baryonic Tully-Fisher relations (Fig. 4).

• For the baryonic Tully-Fisher relation, our simulations
have a small scatter of 0.08-0.14 dex in mass for 70 ∼

< VHI ∼
<

240 km s−1, consistent with observational estimates (Fig. 6).
At lower velocities 20 ∼

< VHI ∼
< 70 km s−1 our simulations

predict larger scatters of 0.2 to 0.25 dex, potentially in con-
flict with observations.

• The scatter in stellar mass at fixed halo velocity is con-
stant for 30 < V < 160 km s−1. The maximum circular
velocity of the DMO simulation, V DMO

max provides a better
predictor of the stellar mass, than the virial velocity of the
DMO (or hydro) simulation (Fig. 7). However, for gas and

baryonic mass, virial velocity is a better predictor than max-
imum velocity.

• The normalization of the stellar mass vs virial velocity
relation is correlated with halo concentration. These correla-
tions are substantially reduced in the stellar mass vs V DMO

max

relation (Fig. 8).
• Measuring the circular velocity at ≃ 0.4RDMO

200 mini-
mizes the scatter in stellar mass vs halo velocity relation at
0.15 dex (Fig. 9).

• Defining the halo circular velocity as Vα =
V dmo
200 (V DMO

max /V DMO
200 )α, where α = 0 corresponds to virial

velocity and α = 1 corresponds to maximum circular ve-
locity, we find the scatter is minimized at 0.16 dex for
α = 0.7 (Fig. 10), consistent with clustering based con-
straints (Lehmann et al. 2015).

The small scatter in the Tully-Fisher relations from the
NIHAO simulations and the semi-analytic model of Dutton
(2012) point to the simplicity of galaxy formation due to the
self-regulation between star formation and energy feedback
from massive stars.

The dependence of scatter in the stellar mass vs halo ve-
locity with concentration appears to be a fundamental prop-
erty of galaxy formation in a ΛCDM universe, and thus can
be used to improve the accuracy of halo abundance match-
ing models.
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What is the Optimal Halo Velocity? Vα = Vvir (Vmax / Vvir)α 
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and even more so at z~2

H
op

ki
ns

 e
t a

l. 
20

14
 (F

IR
E)

eris

MaGICCBehroozi+13

Moster+13

Governato+2012
st

ar
 fo

rm
at

io
n 

ef
fic

ie
nc

y


